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An iterative technique is presented for determining pure-component phase equilibrium
that essentially does not depend on initiation. The technique uses both the real and the
complex conjugate root information obtained from the analytical solution to cubic
equations of state to extend substantially the domain of convergence. The technique is
robust and effective close to the critical point. © 2005 American Institute of Chemical
Engineers AIChE J, 52: 1594–1599, 2006
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Introduction

A classic problem in equation-of-state (EOS) thermodynam-
ics is finding the vapor–liquid saturation pressure P at T � TC,
for a pure component, using a cubic EOS such as the van der
Waals EOS or more recent descendents such as the Soave–
Redlich–Kwong EOS1 (hereafter, “SRKEOS”) and the Peng–
Robinson EOS,2 which are two of the more popular of many
variants. The Second Law of thermodynamics dictates that
pure-component vapor–liquid equilibrium is governed by the
following equations:

Tg � Tl

Pg � Pl

�g � �l (1)

where � � �(P, T) is the chemical potential function, which is
the molar Gibbs energy G for pure-component systems. Ex-
periment presents this first-order phase transition in thermody-
namic phase space with a discontinuity in the molar volume v
in P–v space at a given T � TC (see Figure 1a). Given that

v � ���

�P�
T

(2)

one also sees a discontinuity in the slope of � in �–P space at
the phase-transition point (see Figure 1b).

Cubic equations of state, such as the van der Waals EOS and
the above-mentioned descendent models, offer a homogeneous
description of fluid properties. The geometry of the cubic EOS
differs from the experimental picture in that it presents a
continuous “van der Waals loop” in pressure–volume space, a
mathematical artifice of the homogeneous nature of the EOS
(see Figure 2a). This artifice is traditionally exploited by means
of Maxwell construction, wherein it is recognized that along an
isotherm T � TC, the chemical potential function changes as

d� � vdP (3)

By plotting � vs. P for a subcritical isotherm, the first-order
vapor–liquid phase transition can be mathematically identified
as the self-intersection of the isotherm (see Figure 2b). The
pressure at the intersection point in Figure 2b is equivalently
the pressure (horizontal line) that divides the van der Waals
loop in Figure 2a into equal areas. This pressure, when inserted
into the cubic EOS produces three real volume roots, the
largest of which is the saturated vapor molar volume and the
smallest, the saturated liquid volume. As can be seen from
Figure 2b, these two saturated states have the same value of the
chemical potential function �, whereas the intermediate molar
volume root has a value of � � �g � �l. Because all three
states are at the same (T, P), the Second Law dictates that the
intermediate root be discarded. (Similarly, because the slope of
the isotherm in Figure 2a is positive, the intermediate state is
characterized by an isothermal compressibility �T � 0, which
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means that the state is intrinsically unstable.) After applying
Maxwell construction and identifying the saturated state (T, P,
vg, vl), one customarily ignores the loop portion of the cubic
EOS, that between vg and vl, because it has no thermodynamic
(long-time limit) analog in nature.

The aforementioned Figures 2a and 2b are from the homo-
geneous SRKEOS for a perfect fluid (� � 0) at a reduced
temperature TR � 0.90. The pressure domain of the EOS
having three real molar volume roots extends over a sizable
range. The three-real-molar-volume-root domain is present at
all subcritical temperatures for a pure-component system,
shrinking in size with increasing TR, and vanishing at the
critical point TR � 1. Figures 3a and 3b are analogous to
Figures 2a and 2b for the same SRKEOS fluid at TR � 0.99.

There are a variety of strategies that can be used to find the
state satisfying the Eq. 1 system for a homogeneous EOS at a
given TR � 1. The EOS problem, which is highly nonlinear, is
generally solved by using Maxwell construction in some form
or other, which in turn requires identifying certain features of
the van der Waals loop artifice. For example, finding the
pressure maximum and minimum in the loop provides bounds

for the saturation pressure being sought. If one solves for these
extremum pressures, one can initiate an iterative search with an
intermediate pressure and, in principle, numerically navigate
within the three-real-root region of the EOS in �–P space to
find the self-intersection point and its [saturation] pressure.
However, finding the extremum pressures may pose a problem
as TR 3 1, where their values and their locations are close
together along the volume coordinate, and the intermediate
unstable portion of the loop flattens. (Cubic equations such as
van der Waals, Soave–Redlich–Kwong, and Peng–Robinson
offer a quartic equation for the z values of the pressure extrema
that—with some patience—can be solved analytically.) Fur-
thermore, success of the subsequent iterative search for z3 P
at equilibrium depends on staying within the three-real-root
domain so that the self-intersection of �-branches (as shown in
Figure 3b) can be calculated. We stress here that identification
of the three-real-root domain and subsequent restriction of an
iterative search to this domain can be challenging when the
domain becomes very small at TR 3 1.

Figure 2. (a) Reduced pressure PR as a function of re-
duced volume vR at TR � 0.90 for a pure fluid
with � � 0, calculated using the real com-
pressibility factor roots to the SRKEOS; (b) re-
duced chemical potential function �/RT as a
function of reduced pressure PR at TR � 0.90
for a pure fluid with � � 0, calculated using the
real compressibility factor roots to the
SRKEOS.

Figure 1. (a) Experimental reduced pressure PR as a
function of reduced volume vR at TR � 0.90 for
a pure fluid with � � 0; (b) experimental re-
duced residual chemical potential function
�/RT as a function of reduced pressure PR at
TR � 0.90 for a pure fluid with � � 0.
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This report offers a method for finding the equilibrium state
at TR 3 1, which circumvents having to work only in the
associated (very small) three-real-root domain. All the deriva-
tions and calculations that follow have been done with the
SRKEOS; however, they are applicable to any cubic EOS.

Development

A cubic equation-of-state such as the SRKEOS

z3 � z2 � � A � B � B2� z � AB � 0 (4)

where z is the compressibility factor, and A � aP/(RT)2 and
B � bP/RT are reduced EOS parameters, can be solved ana-
lytically for its three roots, which present themselves as either
(1) three real roots or (2) one real root (z1) and two complex

conjugate roots (z2 and z3 or z2,3). As indicated earlier, the
three-real-root domain offers three sets of properties, the ap-
propriate (stable) one of which can be identified by Second
Law considerations—herein, the Gibbs minimum principle. In
Figure 3a, one can identify the points at which the transition
between the three-real-root and one-real-root domains occurs.
For example, as one moves with decreasing v from the three-
real-root domain to the one-real-root domain at zMIN corre-
sponding to PMIN of the loop, two of the real z-roots become
identical in value and then these z-roots become complex
conjugates of each other, zRe � zIm, where zIm is zero at the
transition point and relatively small in the one-real-root domain
near the transition point.

If one chooses to work with the coordinates �–P of Figure
3b when locating the equilibrium point, one can calculate
values of � for both real and complex values of z obtained from
Eq. 4. For the SRKEOS, the dimensionless residual chemical
potential function �/RT is

� �

RT�
resid

� �ln z � z � 1 � ln�z � B

z � �
A

B
ln�z � B

z � (5)

The residual chemical potential function can be used in the
context of Eq. 1 for finding the equilibrium state at a given TR.
Equation 5 is equal to ln �, where � is the fugacity coefficient.
If z is a complex number, then one can construct (�/RT)i

resid

(i � 1, 2, and 3), where one can obtain complex conjugate
expressions

� �

RT�
2,3

resid

� � �

RT�
Re

resid

	 i� �

RT�
Im

resid

(6)

from the two complex conjugate roots z2 and z3. The real and
imaginary contributions to Eq. 6 can be readily obtained by
expressing z2,3 as

z2,3 � re�i
 (7)

where

r � �zRe
2 � zIm

2


 � tan�1�zIm

zRe
� (8)

It follows that

� �

RT�
Re

resid

� �ln r� � zRe � 1 � �A

B�ln�r	

r � (9)

� �

RT�
Im

resid

� �
� � zIm � �A

B��
	 � 
� (10)

where

Figure 3. (a) Reduced pressure PR as a function of re-
duced volume vR at TR � 0.99 for a pure fluid
with � � 0, calculated using the real com-
pressibility factor roots to the SRKEOS; (b) re-
duced residual chemical potential function
�/RT as a function of reduced pressure PR at
TR � 0.99 for a pure fluid with � � 0, calculated
using the real compressibility factor roots to
the SRKEOS.
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r� � �� zRe � B�2 � zIm
2


� � tan�1� zIm

�zRe � B��
r	 � �� zRe � B�2 � zIm

2


	 � tan�1� zIm

�zRe � B�� (11)

It will be shown here that one can benefit from exploiting the
complex nature of a cubic EOS to expedite the computation of
the equilibrium point at temperatures TR 3 1, where the
three-real-root domain offers very little extent with which to
operate an iterative convergence routine between (�/RT)resid

branches so as to compute the self-intersection [equilibrium]
point. The idea of exploiting complex variable space in ther-
modynamics is not new. Lucia and Taylor3 demonstrated the
utility of solving EOS-based vapor–liquid flash calculations in
the complex domain to aid in their convergence. Some of these
flash problems proved intractable in the real domain by failing
to preserve distinct vapor- and liquid-phase properties for the
two equilibrium phases during the convergence routine, a fail-
ure that leads to an undesired trivial solution. Lucia and Taylor
would suggest that a property of a hypothetical phase obtained
from complex space z can suitably be represented by the
modulus of the property. In our particular application, the size
of the imaginary part of (�/RT)resid is small compared to the
real part, and we found that (�/RT)Re

resid and (�/RT)MOD
resid dif-

fered by �1% even well away from the three-real-root domain.
Its substitution had an insignificant effect on the convergence
scheme.

Demonstration

Because we use the geometry of one-real-root domains as
well as that of the three-real-root domain, the iterative solution
seeking the equilibrium point does not require locating the
pressure extrema of the subcritical van der Waals loop. No
finesse is required to initiate the search for the self-intersection
of the �–P curve. We used a Newton–Raphson search for the
self-intersection at a specified value of TR, whereby the pres-
sure of self-intersection is iteratively determined according to

Pi
1 � Pi �
F�P�

dF/dP
�

P�Pi

(12)

The objective function is the condition of self-intersection.
When one guesses a value Pi at TR, one obtains either one real
z-root or three real z-roots from Eq. 4.

(1) If there are three real roots, they are specified z(MIN),
z(MID), and z(MAX), based on the relative size of the three values
of (�/RT)resid computed from Eq. 5. Thus, z(MAX) is the com-
pressibility factor of the intrinsically unstable state, and the
self-intersection occurs when

F�P� � 0 � � �

RT�
resid�

z�MID�

� � �

RT�
resid�

z�MIN�

(13)

(2) If there is one real root, it corresponds to z(MIN). The
objective function in Eq. 13 becomes

F�P� � 0 � � �

RT�
Re

resid

� � �

RT�
resid�

z�MIN�

(14)

where the first term on the right-hand side is Eq. 9. The
pressure derivative dF/dP is analytically obtainable from either
Eq. 13 or 14, and so Eq. 12 is analytically expressible.

Because zIm is small near and vanishes at the three-real-root
to one-real-root transition points, it follows that (�/RT)Im

resid

does also. Figure 4 superimposes (�/RT)Re
resid (Eq. 9) on the

curves of Figure 3b. The real part of Eq. 6 extends in a
well-behaved manner to pressures well beyond those shown in
Figure 4.

Tables 1 and 2 demonstrate how effectively this iterative
routine works. In Table 1, the SRKEOS for � � 0 is solved for
the saturation pressure at various TR-values: 0.95, 0.99, 0.9999,
and 0.999999. Each search is initiated with the (intentionally
poor) value of PR � 0.1. Convergence is successfully obtained
in all cases in relatively rapid style. Table 1 notes with each
iterative step whether the search is in the one-real-root or
three-real-root domain. Table 2 repeats these calculations for
� � 1. In passing it should be noted that the initiation does not
have to be PR � 1. The domain over which this strategy works
is especially large to both sides of the equilibrium result.

Conclusion

By examining all the roots provided by the analytical solu-
tion to a cubic EOS, one can exploit information provided by
the complex conjugate roots in the one-real-root domain and
compute equilibrium states near the critical point without hav-
ing to identify a reasonable initial guess for the iterative pro-
cedure.

Notation

A � reduced a-parameter of the SRKEOS
B � reduced b-parameter of the SRKEOS

Figure 4. Same as Figure 3b, with the addition of the real
part of the reduced residual chemical potential
function �/RT in the one-real-root domain (de-
noted by bold dots), calculated using the com-
plex conjugate roots to the SRKEOS.
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F � objective function for finding pure-component phase equilib-
rium

G � Gibbs energy
P � pressure
r � amplitude of the complex conjugate compressibility factor
R � gas constant
T � temperature
v � molar volume
z � compressibility factor

Greek letters

� � pure-component chemical potential function (molar Gibbs en-
ergy)

� � acentric factor

 � angle associated with the complex conjugate compressibility

factor

Subscripts

g � gas phase
Im � imaginary part

l � liquid phase
MIN � minimum
MID � middle

MAX � maximum
R � reduced

Re � real part
1, 2, 3 � labels of compressibility factor roots to the SRKEOS

Superscript

resid � residual, or departure, contribution

Literature Cited
1. Soave G. Equilibrium constants from a modified Redlich–Kwong

equation-of-state. Chem Eng Sci. 1972;27:1197-1203.
2. Peng DY, Robinson DB. A new two-constant equation of state. Ind

Chem Eng Fundam. 1976;15:59-64.
3. Lucia A, Taylor R. Complex iterative solutions to process model

equations? Comput Chem Eng. 1992:16S:387-394.

Manuscript received Sept. 29, 2004, and revision received Nov. 14, 2005.

AIChE Journal April 2006 Vol. 52, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1599


